Abstract. We shall show that every stable equivalence (functor) between representation-finite selfinjective algebras not of type (D 3m , s/3, 1) with m ≥ 2, 3 s lifts to a standard derived equivalence. This implies that all stable equivalences between these algebras are of Morita type.
Introduction
Throughout this paper k denotes an algebraically closed field, and unless otherwise stated, all algebras considered here are assumed to be basic, connected, finitedimensional k-algebras with identity. For an algebra Λ, we denote by mod Λ, by pro Λ and by mod Λ the category of finite-dimensional (right) Λ-modules, the full subcategory of mod Λ consisting of finitely generated projective Λ-modules and the stable category of mod Λ, respectively. Further by D b (mod Λ) and by H b (pro Λ) the bounded derived category of mod Λ and the bounded homotopy category of pro Λ, respectively. Recall that mod Λ is the factor category (mod Λ)/ pro Λ , where pro Λ is the ideal of mod Λ consisting of morphisms of mod Λ factoring through an object in pro Λ. Then we have the canonical functor π Λ : mod Λ → mod Λ. When Λ is a selfinjective algebra, the category mod Λ is naturally regarded as a triangulated category.
For two algebras Λ and Π, an equivalence mod Λ → mod Π is called a stable equivalence from Λ to Π. The algebras Λ and Π are said to be stably equivalent if there exists a stable equivalence between them. Following Broué [5] (see also Linckelmann [7] ) a stable equivalence φ : mod Λ → mod Π is called of Morita type if there exist bimodules Λ M Π , Π N Λ such that the following three conditions are satisfied:
(1) Note that the φ above lifts to a Morita equivalence if and only if it is of Morita type with P = 0 = Q in the definition. An example of a stable equivalence of Morita type is given by the loop functor over a selfinjective algebra, as we shall see later. In particular, the loop functor over a (non-semisimple) selfinjective Nakayama algebra gives an example of a stable equivalence of Morita type that does not lift to a Morita equivalence.
On the other hand, for two algebras Λ and Π, a triangle equivalence Φ : Φ is called a standard derived equivalence. When Λ is selfinjective it has been shown in [6] or in [9] Λ be the quasiinverse of σ Λ given in [9] . Denote the composite of the functors commutes up to natural isomorphisms. Note that if φ above lifts to a Morita equivalence, then φ lifts to a standard derived equivalence. In [10] Rickard has shown that a standard derived equivalence of selfinjective algebras supplies a stable equivalence of Morita type. We shall see later (in section 5) that if a stable equivalence φ of selfinjective algebras lifts to a standard derived equivalence Φ, then the stable equivalence of Morita type obtained from Φ coincides with φ. This is not clear from the proof given in [10, Corollary 5.5] , and means that a stable equivalence of selfinjective algebras liftable to a standard derived equivalence is of Morita type.
Since the condition to be of Morita type is rather strong, most stable equivalences seem to be not of Morita type. But in constructing stable equivalences one usually uses those of Morita type. Therefore it seems that only few examples of stable equivalences not of Morita type are known. In looking for such examples in the class of representation-finite selfinjective algebras, we realized that by contraries it is impossible to find them in most cases in this class. Further the argument used in this proof could be easily extended to obtain the following. In section 1, we recall the derived equivalence classification of representation-finite (standard) selfinjective algebras from [1] . In section 2, we investigate the stability of configurations of the universal coveringsΛ of representative algebras Λ in the derived equivalence classification (in section 1) under "essential" automorphisms of the stable Auslander-Reiten quivers ofΛ. In section 3, using the result in section 2 we describe the group StPic(Λ) of natural isomorphism classes of stable self-equivalences of Λ for each representative algebra Λ. In particular, it is shown that StPic(Λ) is generated by the loop functor and the ones liftable to Morita equivalences for each representative algebra Λ the type of which is treated in Main Theorem. In section 4 we notice that the loop functor lifts to a standard derived equivalence, and we give a proof of Main Theorem by reducing the problem to stable self-equivalences of representative algebras. Section 5 is an appendix in which for the benefit of the reader we recall the construction of η Λ , and prove a proposition that produces both the construction of a stable equivalence of Morita type from a standard derived equivalence ([10, Corollary 5.5]) and a proof of the fact that a stable equivalence liftable to a standard derived equivalence is of Morita type. Finally section 6 is also an appendix in which we give explicit quiver presentations of all the representative algebras, which were presented by now as quotients of repetitions of tilted algebras (most of which were hereditary algebras) in [1, 2.5] . We hope that this will help to study invariants of representationfinite selfinjective algebras under derived equivalences.
Main

Preliminaries
Note that Main Theorem holds trivially if Λ is semisimple. Therefore throughout the rest of the paper we assume that all selfinjective algebras considered here are not semisimple, or equivalently that they are not isomorphic to the one-dimensional algebra k. By D, Ω Λ and τ Λ we denote the usual k-dual functor Hom k (-, k), the loop functor and the Auslander-Reiten translation of an algebra Λ, respectively. For algebras R and S over a commutative ring K, we regard R-S-bimodules as right R op ⊗ K S-modules in an obvious way.
Recall from [1] the definition of the type typ(Λ) of a representation-finite selfinjective algebra Λ. By Riedtmann [11] it is known that the stable Auslander-Reiten quiver of Λ has the form Z∆/ g , where ∆ is a Dynkin graph, r is a natural number, g = ζτ −r and ζ is an automorphism of the quiver Z∆ with a fixed vertex. In this case, we set typ(Λ) := (∆, f, t), where f := r/m ∆ and t is the order of ζ. Here m ∆ is equal to n, 2n − 3, 11, 17 or 29 according as ∆ = A n , D n , E 6 , E 7 or E 8 , respectively. Note that if n is the number of vertices of ∆, then nf is equal to the number of isoclasses of simple Λ-modules (Bretscher et al. [4] ). Thus we have f = s/n. We recall the following. 
{(E n , s, 1)|n = 6, 7, 8, s ∈ N}; and {(E 6 , s, 2)|s ∈ N}.
Notice that non-standard algebras have type (D 3m , 1/3, 1) for some m ≥ 2. Hence all the algebras in Main Theorem are standard algebras.
Recall that algebras Λ and Π are said to be derived equivalent (Rickard [8] ) if the bounded derived categories of mod Λ and mod Π are equivalent as triangulated categories. If this is the case, then there exists a standard derived equivalence between Λ and Π, which supplies a stable equivalence between Λ and Π of Morita type by Rickard [10] . With this in mind we have the following: For each type (∆, f, t) we gave a representative algebra Λ(∆, f, t) that is a representation-finite standard selfinjective algebra of type (∆, f, t) as quotients of repetitions of tilted algebras (see [1, 2.4 and 2.5]). We set can(Λ) := Λ(typ(Λ)) for each representation-finite standard selfinjective algebra Λ. See Appendix 2 for the quiver presentations of all the representatives. 6 , we define an automorphism η of Z∆ and for ∆ = D 4 we define an automorphism η of Z∆ below to give a description of all automorphisms of Z∆.
Stability of configurations
If ∆ = A n with n odd, say n = 2p + 1, then let ∆ be the quiver A p p :
If ∆ = A n with n even, then let ∆ be the quiver A n :
and define ρ ∆ by the permutation (n, n − 1). When n = 4, define ρ 1 , ρ 2 , ρ 3 , ρ 4 , ρ 5 by the permutations (1, 3), (1, 4) , (3, 4) , (1, 3, 4) , (1, 4, 3) , respectively. If ∆ = E 6 , then let ∆ be the quiver E 6 :
and define ρ ∆ by the permutation (1, 5)(2, 4). We introduce the coordinate of Z∆ by identifying as Z∆ = Z ∆. Then any automorphism ρ of ∆ induces an automorphism Zρ of Z∆ by defining (Zρ)(i, x) := (i, ρ(x)) for all i ∈ Z and for all vertices x of ∆. Now define η as follows.
, 4 and 5. With these definitions we have the following that is due to Riedtmann [11] .
Now let Λ be one of the representative algebras, thus Λ = can(Λ). Set typ(Λ) = (∆, f, t). Then the Auslander-Reiten quiver of Λ has the form (Z∆) C / g for some configuration C of Z∆, where g = ζτ −f m ∆ and ζ is an automorphism of Z∆ with a fixed vertex and with order t. It is easy to calculate the C (e.g. use the argument in [4, 4.1] and the form of B in [1, 2.5]). We collect necessary information on C below.
If
), (−6, 1)}. By this calculation we obtain the following.
Lemma 2.2. Assume that
∆ = A n (n ≥ 1), D n (n ≥ 4) or E 6 (i.e. that η
is defined). Then C is stable under η if and only if
Remark. This calculation of C makes up the omitted part in the proof of [1, Theorem 2.2(4), p. 194]. Namely, this shows that all the types listed in Proposition 1.1 really appear in examples.
Stable Picard groups for representative algebras
In this section we investigate stable self-equivalences of representative algebras listed in Appendix 2. (2) If Λ is a selfinjective algebra, then -⊗ Λ DΛ is a Morita equivalence and hence the
The purpose of this section is to prove the following.
Theorem 3.1. Let Λ be a representative algebra of representation-finite standard selfinjective algebras listed in Appendix
where H is a stable self-equivalence of Λ induced from η, which satisfies [H] 2 ∈ Pic (Λ).
For a representation-finite standard selfinjective algebra Λ, let ind Λ be the full subcategory of mod Λ formed by a fixed complete set of representatives of isoclasses of indecomposable Λ-modules. Identify ind Λ with the mesh category k(Γ Λ ) by a fixed isomorphism. Also identify the mesh category k( s Γ Λ ) with the stable category 
the mesh categories induced from φ lifts to an isomorphism of the mesh categories
Proof. This is straitforward.
The following proposition makes it possible to prove Theorem 3.1 by a combinatorial argument. Proof. (⇒). Assume that φ lifts to a Morita equivalence Φ. Let P be an indecomposable projective Λ-module. Then Q := Φ(P ) is an indecomposable projective Π-module. Since the inclusion map α : rad P → P is a source map, Φ(α) :
Assume that φ maps the configuration of Λ into that of Π. Let P be an indecomposable projective Λ-module, and consider an almost split sequence
By assumption φ(rad P ) ∼ = rad Q for some indecomposable projective Π-module Q := Q P . Then clearly φ(P/ soc P ) ∼ = Q/ soc Q. Since g 2 f 2 = −g 1 g 1 : rad P → P/ soc P factors through the projective module P , any representative h in φ(g 2 f 2 ) factors through a projective Π-module. But since Q is a projective cover of Q/ soc Q, h factors through Q. Now denote the mesh corresponding to the almost split sequence above by E E E x α P ? ? Then for each i = 1, . . . , n we have
, where (-) denotes the coset modulo the mesh ideal. Further by the above h :
by which we can define a functor Φ : k(Γ Λ ) → k(Γ Π ) by Φ := φ on s Γ Λ ; and Φ(P ) := Q P and Φ(α P ) := ζ P and Φ(β P ) := η P for each projective vertex P in Γ Λ . Then by construction Φ is a lift of φ . By Lemma 3.2 it is enough to show that Φ is an isomorphism. Since Φ induces a quiver isomorphism Ψ :
Thus we have only to show that Φ is full. For each projective vertex P in Γ Λ we can write
for some s P , t P ∈ k and some µ P , ν P ∈ rad 2 k(Γ Π ). Suppose that s P t P = 0 for some P . Then (1), (2) and (3) 
But since each mesh relation is a sum of paths of length 2, this forces to have Ψ(β P )Ψ(α P ) = 0 in kΓ Π , which gives a contradiction. Indeed the formula above yields
in kΓ Π (ψx, ψz) for some r j ∈ k × , some paths γ j , δ j in Γ Π and some mesh relations m j . We may assume that δ j m j γ j = 0 for all j. Let m(ψz) := Ψ(β P )Ψ(α P ) + n i=1 ψβ i ψα i be the mesh relation ending in ψz. Comparing the terms of length 2 we get
where r := j∈J r j ∈ k and J := {j ∈ {1, . . . , m}|both δ j and γ j are trivial paths}, from which we get Ψ(β P )Ψ(α P ) = 0 in the path category kΓ Π , as desired. This contradiction implies that s P t P = 0, i.e., s P = 0 and t P = 0 for all projective vertices P in Γ Λ . This shows that Ψ(α P ),
Remark. Let φ be a stable equivalence between selfinjective algebras. If φ is of Morita type, then (1) by Linkelmann [7, section 2] φ lifts to a Morita equivalence if and only if φ maps simples to simples, and (2) as easily seen the latter is equivalent to saying that φ maps the configuration into configuration. Therefore when φ is of Morita type, Proposition 3.3 necessarily holds. This suggests us that all stable equivalences between representation-finite standard selfinjective algebras would be of Morita type.
Proof of Theorem 3.1. Let Λ be a representative algebra of representation-finite standard selfinjective algebras listed in Appendix 2. Let φ : mod Λ → mod Λ be a stable equivalence. As above φ induces an automorphism φ of k( s Γ Λ ). Put typ(Λ) = (∆, f, t). Then s Γ Λ is identified with Z∆/ g for some admissible automorphism g of Z∆ as in section 1; and φ induces a quiver automorphism ψ of Z∆/ g . Lift ψ to an automorphismψ of Z∆, thus we have a commutative diagram
where the vertical morphisms are the canonical one. We keep the notation in section 2. By Proposition 2.1 we haveψ = τ a ρ for some ρ ∈ {1l, η, η 1 , η 2 , η 3 , η 4 , η 5 } and some a ∈ Z.
Suppose that typ(Λ) ∈ {(A n , s/n, 1), (D 3m 3 s ≥ 1 is that in this case we could not make it clear whether the stable equivalence H induced by η lifts to a standard derived equivalence or not.
Proof of Main Theorem
The following is easily verified. Proof of Main Theorem. Let φ : mod Λ → mod Π be a stable equivalence from Λ to Π. Then can(Λ) = can(Π) =: Γ. By Theorem 1.2 Λ and Γ (resp. Π and Γ) are derived equivalent. Therefore there exists a standard derived equivalence
) that induces a stable equivalence ζ : mod Λ → mod Γ (resp. η : mod Π → mod Γ). Thus both ζ and η lift to standard derived equivalences. Then by Theorem 4.3, ξ := ηφζ −1 : mod Γ → mod Γ lifts to a standard derived equivalence because Γ is a representative algebra. Hence φ = η −1 ξζ lifts to a standard derived equivalence by Lemma 4.1.
Appendix 1: Stable equivalences and standard derived equivalences
In this section we show that if a stable equivalence φ of selfinjective algebras lifts to a standard derived equivalence Φ, then the stable equivalence φ of Morita type obtained from Φ as given in Rickard [10, Corollary 5.5] coincides with φ. But giving a proof of this is almost equivalent to giving a proof of the fact that φ is of Morita type. Therefore we here give a simple proposition that produces both proofs. 
in mod Λ with each Q i in pro Λ. Before stating the proposition, we recall general facts in the following three lemmas. The following is well-known.
Lemma 5.1. Let K be a commutative ring and R and S be K-algebras. If M is an R-S-bimodule, X is a right R-module and Y is a right S-module, then we have a natural isomorphism
Hom S (X ⊗ R M, Y ) ∼ = Hom R op ⊗ K S (M, Hom K (X, Y )).
In particular, if K is a field and M is a projective R-S-bimodule, then X ⊗ R M is a projective right S-module for all right R-modules X.
As for the converse of the last statement we recall the following from Auslander and Reiten [3, Corollary 3.3].
Lemma 5.2. Let K be a perfect field and R and S be finite-dimensional K-algebras.
Then for a finite-dimensional R-S-bimodule M the following are equivalent.
(
1) M is a projective bimodule. (2) M is a projective right S-module and X ⊗ R M are projective right S-modules for all finite-dimensional right R-modules X. In particular, if M is projective as an R-S-bimodule, then so is X ⊗ R M for any finite-dimensional right R-module X.
Lemma 5.3. Let K be a field and R and S be finite-dimensional K-algebras. If X is a finite-dimensional injective left R-module and Y is a finite-dimensional injective right S-module, then X ⊗ K Y is an injective R-S-bimodule. In particular, if both R and S are selfinjective algebras, then so is
Proof. The assertion follows from the following isomorphisms:
The last isomorphism is given by Lemma 5.1.
We now prove the following. 
Proposition 5.4. Let Γ, Λ, Π be selfinjective algebras and X
It is enough to show that
are both in pro Λ op and in pro Π, we have 
Proposition 5.4 implies the statement in the beginning of this section. 
Therefore φ and -⊗ k M are naturally isomorphic.
Remark. For a selfinjective algebra Λ, it is not hard to show directly that the Λ-Λ-
satisfy the properties to show that Ω Λ is of Morita type (see [2, Lemma 4.4] ).
Appendix 2: Quiver presentations of representatives
For the benefit of the reader we present the representative algebras of representationfinite selfinjective algebras by quivers with relations in this section.
6.1. Standard representatives. For each type (∆, f, t) the algebra Λ(∆, f, t) is given as follows.
6.1. 1. (A n , s/n, 1) with s, n ≥ 1. Λ(A n , s/n, 1) is the selfinjective Nakayama algebra N s,n with exactly s isoclasses of simples and of Loewy length n + 1; namely this is given by the quiver Q(N s,n ) with relations R(N s,n ) below.
? ? 
Q(D n , s) :
? ?
e. "α-paths" of length n − 1 are equal to 0, "β-paths" of length 3 are equal to 0 and "γ-paths" of length 3 are equal to 0 ). 
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